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The unusual surface states of topological semimetals have attracted a lot of attention. Recently,
we showed [PNAS 113, 8648 (2016)] that for a Dirac semimetal (DSM) arising from band-inversion,
such as Na3Bi and Cd3As2, the expected double Fermi arcs on the surface are not topologically
protected. Quite generally, the arcs deform into states similar to those on the surface of a strong
topological insulator. Here we address two questions related to deformation and stability of surface
states in DSMs. First, we discuss why certain perturbations, no matter how large, are unable
to destroy the double Fermi arcs. We show that this is related to certain extra (particle-hole)
symmetry, which is non-generic in materials. Second, we discuss situations in which the surface
states are completely destroyed without breaking any symmetry or impacting the bulk Dirac nodes.
We are not aware of any experimental or density functional theory (DFT) candidates for a material
which is a bulk DSM without any surface states, but our results clearly show that this is possible.
PACS numbers: 73.43.-f, 73.20.-r, 73.43.Cd, 71.20.-b
I. INTRODUCTION
In the last decade, condensed matter physics witnessed
a large class of novel electronic materials characterized
by their topological properties, such as quantized bulk
response functions and robust surface states. Experimen-
tal discovery of topological insulators protected by time
reversal symmetry1–3 greatly advanced our understand-
ing of quantum states with nontrivial topology, which are
beyond the description of symmetry breaking and local
order parameters in the traditional Landau paradigm.
Moreover, these topological properties also apply to
metallic systems, where the gapless bulk band struc-
tures are featured by symmetry protected point or line
nodes4–9. For the former case, the conduction and va-
lence bands intersect at isolated points at the Fermi level,
giving rise to low energy electron behaviors described by
relativistic Dirac equations10–14. One outstanding exam-
ple is the three-dimensional (3D) Dirac material, a 3D
analogue of graphene, featured by nodal Dirac points
at the Fermi level where the bands disperse linearly
in all directions15–17. After the theory predictions16,17,
Dirac semimetals have been experimentally discovered in
Na3Bi and Cd3As2 by angle-resolved photoemission spec-
troscopy (ARPES)18–21, scanning tunneling spectroscopy
(STM)22 and magneto-transport23 measurements.
With both time-reversal and inversion symmetries in a
Dirac semimetal (DSM), each Dirac node is described by
a four-component Dirac equation, which can be viewed
as two degenerate Weyl fermions with opposite chirali-
ties. Extra crystalline symmetires are required to forbid
the chirality mixing of these two Weyl fermions and to
stablize a DSM15,24. For example, Na3Bi and Cd3As2
belong to a class of DSMs, which originate from band
inversions14 in a way similar to 3D topological insulators
(TIs). In a 3d TI, the crossings between valence and
conduction bands from the band inversion are all gapped
out, resulting in an insulating ground state. On the other
hand, in a 3d DSM from band inversions, these band
crossings remain gapless along certain high-symmetry
axis (associated with a crystalline symmetry) and hence
lead to a semimetal.
If separated in momentum-space, bulk Weyl nodes gen-
erally lead to open Fermi arcs on surfaces of system6
connecting two Weyl nodes with opposite chiralities, as
observed in non-centrosymmetric Weyl semimetal mate-
rial TaAs25–28. Therefore, when a pair of time-reversal-
related Dirac nodes are located off the time reversal in-
variant momenta (TRIM) in the Brillouin zone (BZ), a
pair of Fermi arcs (“double Fermi arcs”) are naively ex-
pected to appear on certain surfaces of the system16,17,29
as shown schematically in Fig. 1(a). Unlike a Weyl
semimetal stable against any perturbations6, a DSM
requires the protection of extra crystalline symmetries
such as a (2n)-fold rotational symmetry in Na3Bi and
Cd3As2
16,17,24, which are explicitly broken on open sur-
faces of a sample. Therefore it is not obvious whether
it is valid or not to apply the usual bulk-boundary cor-
respondence of topological states to a DSM. Motivated
by the large and increasing pool of DSM materials, it is
important to understand the stability of surface states in
a 3D DSM.
In a previous work30, we showed that contrary to naive
expectations31, the surface double Fermi arcs in a DSM
are unstable against certain perturbations. They can be
continuously deformed into a closed pocket similar to a
3d TI surface (see FIG. 1(b)-(c)), without any symmetry
breaking or bulk phase transitions, which can affect the
surface optical properties32. Regarding the stability and
deformation of DSM surface states, two issues remained
unresolved in our previous work. The first issue involves
the different perturbations to the k · p Hamiltonian of
DSM materials Na3Bi and Cd3As2. While some pertur-
bations can deform the surface double fermi arcs into a
closed pocket, some other perturbations can never de-
stroy the double fermi arcs no matter how strong they
ar
X
iv
:1
71
2.
03
98
2v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
6 M
ay
 20
18
2FIG. 1: (Color online) (a) Schematic k-space picture showing the location of Dirac nodes each superimposed of two Weyl nodes
(red and blue) along kz axis in bulk Brillouin zone (BZ) and the possible double Fermi arcs on the surface BZ’s, shown as
blue squares. Note that surfaces perpendicular to z axis have no arcs. A 2D slice of BZ perpendicular to kz axis is shown as
green square projected to green dashed lines on side surfaces, where we only showed for (100) side surface. (b, c) Continous
deformation of double Fermi arcs on (100) side surface by coupling zero modes on Fermi arcs. Perturbations near the projected
node can deform the Fermi arcs to a closed contour in right surface BZ in (b). Most parts of latter can be gapped out by
coupling more states on double Fermi arcs and leaves behind only gapless helical modes concentrated around the center of
surface BZ in (c).
are. While both types of perturbations keep the bulk
Dirac nodes stable, what causes such a dramatic differ-
ence in their effects on the surface states? The second
issue involves the stability of surface states in a gen-
eral DSM from band inversions. While Na3Bi and and
Cd3As2 do host side surface states that cannot be re-
moved by any symmetric perturbations, is this always
true for a DSM from band inversions? Can there be a
DSM with no robust surface states on any open surfaces?
In this work we resolve these two issues on the stabil-
ity and deformation of DSM surface states. The paper is
organized as follows. In section II we set up the minimal
model and associated symmetries for a DSM from band
inversions, adopted from the k ·p Hamiltonian of Cd3As2
and Na3Bi. In section III we resolved the first issue, by
showing that a non-generic particle-hole symmetry (not
present in materials) in the minimal model is responsible
for the stability of double fermi arcs under certain pertur-
bations. In section IV we further show that those pertur-
bations breaking this non-generic particle-hole symmetry
can effectively mix the two Weyl fermions with opposite
chiralities away from the bulk Dirac nodes, and therefore
deform the double fermi arcs into a closed pocket on the
surface. In section V, we resolve the second issue with
a positive answer, by explicitly constructing an 8-band
DSM model with robust bulk Dirac nodes and no sur-
face states at all. We show that DSMs with and without
surface states can both be understood in terms of a bulk
Z2 topological invariant, which can be defined for DSMs
from band inversions despite the absence of a bulk gap.
Finally we conclude in section VI.
II. THE MINIMAL MODEL OF DIRAC
SEMIMETALS AND ITS SYMMETRIES
We begin our discussion by introducing a model Hamil-
tonian describing the essential feature of Dirac semimet-
als, which also applies to the materials16,17. The sim-
plest model would be a 4-band model with n = 4-fold
rotational symmetry along zˆ-axis. Despite being simple,
this model captures the band inversion near the Γ point
of BZ of Cd3As2
17.
The 4-band model describing Dirac semimetal Cd3As2
is given as follows:
H(k) = εk +
[
t(cos kx + cos ky − 2) + tz(cos kz − b)
]
τz
+λ sin kxσxτx + λ sin kyσyτx, (1)
where σ and τ are Pauli matrices for spin and orbital in-
dices. t(tz) is the in-plane (out of plane) hopping ampli-
tude and λ represents spin-orbit coupling (SOC) and we
choose b = cosQ. The dispersive term εk = ε−k should
be consistent with all symmetries of the system as follows
and vanish at the two Dirac nodes. For example two con-
venient choices are εk = t1(cos kz − cosQ) + t2(cos kx +
cos ky − 2) or εk = t1(cos kz − cosQ)(cos kx + cos ky).
Adding a dispersive term εk 6= 0 makes the spectrum
asymmetric and will provide curvature to the double
Fermi arcs as shown in Fig. 1. This term εk 6= 0 neither
moves the location of Dirac nodes in the BZ nor shift
them in energy, so the two Dirac nodes remain as the
only gap-closing points in the bulk.
In the long-wavelength limit, this model33 is equiva-
lent to the well-known effective k ·p Hamiltonian around
Γ point for Dirac semimetal materials16,17, up to a uni-
3tary transformation in the fermion basis. The spectrum
is gapped over the entire Brillouin zone (BZ) except at
two discrete points k = (0, 0,±Q), where the low en-
ergy spectrum is described by linearly-dispersing Dirac
fermions.
Clearly the Hamiltonian (1) preserves time-reversal
Θ = iσy · K, inversion I, two-fold rotation C2,x(y) and
n-fold rotation Cn,z (n = 4 for Cd3As2 and n = 6 for
Na3Bi) symmetries as follows.
Θ−1H(k)Θ = H(−k), U−1I H(k)UI = H(−k), (2)
U−1c2,xH(kx, ky, kz)Uc2,x = H(kx,−ky,−kz), (3)
U−1c2,yH(kx, ky, kz)Uc2,y = H(−kx, ky,−kz), (4)
U−1cn,zH(k±, kz)Ucn,z = H(e
± i 2pin k±, kz), (5)
where k± = kx± iky. The operators U ’s describe the ma-
trix representations of symmetry operation in spin and
orbital basis. As written the Hamiltonian in (1) in this
form, the symmetry operators should be as follows: in-
version UI = τz, two-fold rotation Uc2,x(y) = iσx(y) and
n-fold rotation Ucn,z = e
ipiσz(1−2τz)/n. Note that this
model also has mirror reflection symmetries with respect
to major planes:
URi = Uc2,iUI = iσiτz : ki → −ki, (6)
where i = x, y, z.
In addition to the time reversal and crystal symme-
tries that exists in DSM material Cd3As2 as summarized
above, the simplified 4-band minimal model (1) also ex-
hibits two extra symmetries:
(i) unitary U(1) symmetry {U1(φ)|0 ≤ φ < 2pi}
U1(φ)H(k)U†1 (φ) = H(k), U1(φ) = e iσzτz
φ
2 (7)
which generates a U(1) group of combined spin and or-
bital rotation;
(ii) particle-hole symmetry C if εk = 0 in minimal
model (1)
CH(k)C−1 = −HT (−k), C = iσxτx · K (8)
under which the 4-component fermion ψk transform as
CψkC−1 = iσxτxψ∗−k (9)
Notice that even if εk 6= 0 in model (1), the wave func-
tions of model (1) still preserves particle-hole symmetry
C, since εk 6= 0 will only change the spectrum but not
eigenstates of (1). As a result, particle-hole symmetry is
effectively valid even if εk 6= 0.
In the presence of these two extra symmetries, the com-
bination of time reversal Θ = iσy · K and particle-hole
symmetry C in (8) becomes a (unitary) chiral symmetry33
{H(k), ΘC} = 0, ΘC = iσzτx. (10)
which leads to a particle-hole symmetric spectrum when
εk = 0.
We emphasize that extra symmetries (7) and (8) are
merely artifacts of the 4-band minimal model (1), but
not an intrinsic property of the DSM materials. Same
is true for the chiral symmetry (10). As will be shown
later, these extra (unphysical) symmetries will play an
important role in the formation of double-fermi-arc sur-
face states of model (1). In a generic DSM material where
these symmetries are absent, there won’t be double fermi
arcs on the surface of the DSM sample.
III. SURFACE STATES
In this section we study the surface states localized on
the [100] side surface of the system, which is parallel to
the separation between two Dirac nodes. For simplicity
we assume that the system fills the half space x ≥ 0, and
the [100] side surface hosting the gapless surface states is
the y−z plane located at x = 0. In order to get analytical
expressions for surface states we linearize the model (1)
around the line k = (0, 0, kz). We obtain
HDirac(k) = m(kz)τz + λkxσxτx + λkyσyτx, (11)
where m(kz) = tz(cos kz − b) and we ignore the terms
arising from εk for simplicity as they do not affect the
surface state wavefunctions. For a semi-infinite sys-
tem described above, the momentum k is substituted by
k = (− i∂x, ky, kz). Therefore, the model (11) for a semi-
infinite systems reads as
H˜Dirac = m(kz)τz + λσxτx(− i∂x) + λkyσyτx. (12)
For a fixed surface momentum (ky, kz), the Hamil-
tonian (11) effectively describes a one-dimensional (1d)
model. Therefore, the zero-energy edge states is reduced
to the well-known Jackiw-Rebi soliton34 localized around
the mass domain wall of 1d Dirac Hamiltonians. We have
to solve the eigenvalue problem
H˜Dirac|ψky,kz (x)〉 = E|ψky,kz (x)〉 (13)
The localized edge states should have the following form
|ψky,kz (x)〉 = |χ〉e−x/ξ, (14)
where ξ is a length scale over which the surface states de-
cay into the bulk. After solving the eigenvalue problem,
the zero-energy surface states have the following wave-
functions
|ψ1(x)〉 = Ae
−x/ξ
√
2
100
i
 , |ψ2(x)〉 = Ae−x/ξ√
2
0i1
0
 (15)
where ξ ∼ λ/m(kz) and A is the normalization factor.
It is clear that in the vicinity of gap closing in the bulk
4kz = ±Q the surface states merge into the bulk states
since m(kz ' ±Q) → 0 and the localization length ξ
diverges.
Projecting the Hamiltonian (12) onto the basis (15),
we can obtain an effective low-energy Hamiltonian de-
scribing the surface states. For momenta in the region
−Q < kz < Q the Hamiltonian reads as
Hedge = λkyµ
z, (16)
where µz is the Pauli matrix acting in basis |ψ1,2〉. In
this 2-band effective Hamiltonian for surface states, the
(physical) time reversal and crystal symmetries are im-
plemented as follows:
Θ = iµy · K, URz = iµz, URy = iµy. (17)
Meanwhile, the (unphysical) extra symmetries of model
(1) acts on the surface states in the following way:
U1 = iµz, C = K. (18)
From this Hamiltonian it is clear that the no mass term
can be added to gap out the spectrum at high-symmetry
kz = 0 plane, due to the protection of time-reversal sym-
metry Θ.
Away from the high-symmetry time-reversal-invariant-
momenta (TRIM), time reversal symmetry is absent in
a generic plane with fixed kz 6= 0, pi. In such a kz 6= 0, pi
plane, however, the [100] side surface states still preserves
the following physical symmetries:
Θ˜ = URz ·Θ = iσxτzK −→ iµx · K,
URy = iσyτz −→ iµy. (19)
as well as unphysical extra symmetries
U1 = iσzτz −→ iµz, (20)
C˜ = URz · C = iσyτy · K −→ iµz · K. (21)
Although time reversal symmetry is absent, yet a com-
bination with mirror yields a new symmetry Θ˜. Thus,
the edge states can be destroyed by adding a mass term
m0µ
y which respects all physical symmetries preserved
on the [100] surface, as shown in30.
Below we show that by adding the perturbations pre-
serving all symmetries of the system in bulk, one can
partially destroy the edge states, and consequently de-
form the double Fermi arcs to pockets as shown in Fig.
1.
We consider two types of perturbations as follows.
H ′(k) = m′(cos kx − cos ky) sin kz σzτx, (22)
and
H ′′(k) = m′′ sin kx sin ky sin kz τy. (23)
These perturbations preserve all physical symmetries
according to transformations (2-5). To explore the ef-
fects of these perturbations on the edge state Hamil-
tonian (16), we first expand around k = (0, 0, kz) and
keep the leading non-zero terms. Projecting the obtained
Hamiltonians into the surface states (15), we obtain
H ′ ∝ sin kz µy, (24)
and
H ′′ ∝ ky sin kz µx. (25)
Clearly both perturbations (24)-(25) vanish at kz = 0 in
agreement with our previous analysis that the time rever-
sal symmetry Θ forbids a mass term in high-symmetry
TRIM plane kz = 0, pi.
In a generic kz 6= 0 plane, both of these perturbations
anti-commute with edge Dirac Hamiltonian (16). How-
ever, only perturbation (24) can open a gap in the sur-
face spectrum at kz 6= 0. Since the perturbation (25) is
proportional to ky, it merely modifies the Fermi velocity
and can not destroy the edge states. While a more physi-
cal understanding of this effect based on chirality mixing
will be presented in the next section, here we provide a
symmetry reason for this phenomena.
As shown earlier, 4-band model (1) exhibits two un-
physical extra symmetries (7)-(8) that are artifacts of
the minimal model itself, but not an intrinsic property of
the DSM materials. While the extra unitary symmetry
(7) is broken by both perturbations (22)-(23), the extra
particle-hole symmetry (8) is preserved by perturbation
(23) but not by perturbation (22). In other words, the
latter perturbation Hamiltonian (23) exhibits an extra
particle-hole symmetry (8).
As a result, if we focus on the [100] side surface states
in a fixed kz 6= 0, pi plane under perturbation (25), the
surface states preserve the combined symmetry (21) of
particle-hole operation C and mirror reflection URz . Such
a symmetry C˜ = iµzK will forbids mass term m0µy for
edge Dirac Hamiltonian (16), while the other possible
mass term m0µ
x is forbidden by the mirror reflection
symmetry URy . Therefore the surface states in each fix
−Q < kz < +Q plane are protected by both C˜ and URy
symmetries, and perturbation (25) cannot destroy such
a double fermi arc on [100] side surface.
For the other perturbation (22) or (24), on the other
hand, unphysical particle-hole symmetry (8) or (21) is
explicitly broken by this perturbation Hamiltonian. As a
result, no robust [100] side surface states exist in a kz 6=
0, pi plane. Therefore such a perturbation will partially
destroy the double fermi arc surface states (except for
TRIM plane kz = 0 here) and deform it into a closed
fermi pocket.
IV. WEYL NODES AND CHIRALITY MIXING
The instability of the surface states can also be physi-
cally understood by the way in which the perturbations
can mix the modes associated with different chiralities.
In oder to understand the latter notion, it is instructive
to expand the Hamiltonian (1) around one of the Dirac
5nodes, say (0, 0, Q) to get an insight on the low-energy
excitations. The corresponding Hamiltonian reads as
HD =
vzkz 0 0 vk−0 −vzkz vk− 00 vk+ vzkz 0
vk+ 0 0 −vzkz
 , (26)
where vz = tz sinQ, v = λ, k± = kx ± iky. This form
of the Hamiltonian, as written, is not illuminating. Note
that here the momentum k is measured from the node.
We perform a unitary transformation30 to bring it to the
following form.
H¯D =
vzkz vk+ 0 0vk− −vzkz 0 00 0 vzkz −vk−
0 0 −vk+ −vzkz

= vzkzτz + v(kxσzτx − kyτy), (27)
where by abuse of notation we use τ and σ to act within
orbital and spin spaces in the rotated basis.
The Hamiltonian (27) is a low energy description of
Dirac semimetals16,17. It is composed of two Weyl points
located at the same momentum (0, 0, Q). The upper
block corresponds to a Weyl node with chirality ν = +1
and the lower one yields a Weyl node with opposite chi-
rality ν = −1. Thus, in the absence of coupling between
Weyl nodes, the rotationally invariant disorder can not
scatter the electrons between the nodes35.
The perturbations (22) and (23) account for different
high-order corrections to the Dirac Hamiltonian (27). Us-
ing the same unitary transformation we can also write the
latter perturbations in chiral basis. We obtain
H¯ ′ = β1(k2x − k2y)
0 0 0 10 0 1 00 1 0 0
1 0 0 0

= β1(k
2
x − k2y)σxτx (28)
for (22) and
H¯ ′′ = β2kxky
0 0 0 − i0 0 − i 00 i 0 0
i 0 0 0

= β2kxkyσyτx (29)
for (23), where we define β1 = m
′ sinQ and β2 =
m′′ sinQ.
These perturbations add the quadratic corrections to
the Dirac Hamiltonian (27). Such terms mix the chirali-
ties and can lead to the scattering between the nodes in
the presence of impurities36.
One should note that mixing Weyl nodes through the
perturbations (22) and (23) will not generate a bulk gap
in the spectrum, since they preserve the crystal as well
as time reversal symmetries. Therefore, the presence of
the perturbations have no significant effects on the bulk
energy spectrum of the system. They, however, can alter
the surface states in the vicinity of the projection of the
nodes onto the surfaces. One such example is the [100]
side surface, which is parallel to the separation between
nodes in the momentum space (also parallel to the ky-kz
plane) as discussed in the preceding section.
Near the boundary of the system located at x = 0,
the momentum kx is no longer conserved and is replaced
by − i∂x due to the surface potential disturbing the pe-
riodicity of the lattice. As discussed the surface states
decay exponentially like e−x/ξ into the bulk. The pres-
ence of the perturbation (22) will give rise to a mass term
H ′ = (β1/ξ2)σxτx for the gapless surface state (16). Note
that in the vicinity of the node 1/ξ ∝ δkz = kz − Q.
Hence, the gapless surface states at δkz 6= 0 away from
the projection of the bulk node will be destroyed, while
the Dirac node remains gapless since the mass term van-
ishes at δkz = 0.
The perturbation (23), inspite of mixing the Weyl
nodes in the bulk, cannot destroy the double fermi arc
surface states. In the vicinity of the surface it yields a
term H ′′ = (β2/ξ)ky, which vanishes along the ky = 0
line for all kz. Therefore, although the symmetric pertur-
bation (23) mixes the Weyl nodes with opposite chirality,
it can not deform the surface states no matter how strong
it is. This is in agreement with the previous analysis,
which shows that unphysical particle-hole symmetry (8)
in the 4-band minimal model protects the double fermi
arc in the presence of perturbation (23).
V. A ROBUST DIRAC SEMIMETAL WITHOUT
SURFACE STATES
In the previous discussions, we have shown from var-
ious aspects that the double fermi arc surface states in
the 4-band minimal model (1) of DSM material Cd3As2
is not robust against symmetry-preserving perturbations.
In particular, there exist physical perturbations preserv-
ing all symmetries of the DSM materials, such as (22),
which can continuously deform the double fermi arcs on
[100] side surface into a closed fermi pocket located near
surface BZ center. While an unphysical particle-hole
symmetry (8) can protect the double fermi arc surface
states, it is not a physical symmetry and generically ab-
sent in a DSM material such as Cd3As2. However, the
deformed fermi pocket near [100] side surface BZ center
(ky = kz = 0) is protected by time reversal symmetry
Θ in TRIM kz = 0 plane and cannot be destroyed by
any symmetric perturbation24. Therefore in spite of the
generic deformations on the double fermi arc states, the
gapless surface states on [100] side surface cannot be com-
pletely removed without a bulk phase transition.
6One important character for topological phases is their
bulk-boundary correspondence, i.e. the one-to-one cor-
respondence between the bulk topology and the surface
states. In our case of Dirac semimetals described by
model (1), as discussed above, both the bulk Dirac nodes
and side surface states are robust against perturbations.
They are indeed protected by distinct symmetries: while
time reversal symmetry alone protects the [100] side sur-
face states, stability of bulk Dirac nodes require time
reversal, inversion and discrete Cn,z rotational symme-
tries around (001)-axis. This already implies the unusual
bulk-boundary correspondence in these Dirac semimet-
als, e.g. breaking Cn,z rotation symmetry alone can gap
out the bulk Dirac nodes while preserving the metallic
[100] surface states, leading to a 3d TI state30. In other
words, the bulk Dirac nodes seems unrelated to the topo-
logical [100] surface states. In the following we go one
step further and ask the following question: can there be
a robust Dirac semimetal with no surface states at all,
while keeping time reversal and all crystal symmetries?
To be concrete, we focus on the class of Dirac semimet-
als from band inversion14, which includes Cd3As2 and
Na3Bi as described in model (1). The Dirac nodes in
these DSMs are located on high-symmetry axis of the
bulk BZ (such as (001)-axis in Cd3As2 and Na3Bi), but
not at the high-symmetry TRIM points14 such as BZ cen-
ters or corners. Below we show that the surface states
can have no correspondence with bulk Dirac nodes for
this type of DSMs: while preserving time reversal and all
crystal symmetries, in certain DSMs the [100] side surface
states can be completely removed despite the presence of
stable bulk Dirac nodes.
First of all, since Dirac nodes are located at (0, 0,±Q)
on the kx = ky = 0 axis, there is a bulk spectrum gap
in both kz = 0 and kz = pi plane. Therefore one can
always define a Z2 topological invariant ν0(pi) = 0, 1 in
each plane kz = 0(pi). As is shown in Ref. 24, in a 4-
band DSM model like (1) with one pair of Dirac nodes
at k = (0, 0,±Q), it is impossible to have a trivial Z2
invariant ν0 = νpi = 0 in both planes kz = 0, pi. As will be
shown soon, this is really an artifact of the 4-band model
but not a generic properties of DSM materials. Below
we write down an 8-band model of 3d DSM, which also
exhibits a pair of Dirac nodes on zˆ-axis with the same
crystal symmetries, but has no robust surface states on
any open surface.
The 8-band model is as follows:
H8(k) =
(
H(k) M(k)
M†(k) HTI(k)
)
, (30)
HTI(k) = ε
′
k + t
′(cos kx + cos ky + cos kz − 2)τz
+
[
λxy(sin kxσx − sin kyσy) + λz sin kzσz
]
τx, (31)
M(k) = m0(1− τz), m0 = real. (32)
While time reversal symmetry is implemented as usual
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FIG. 2: (Color online) Spectral density of four-band (a-c)
and eight-band (b-d) models at the ω − ky plane. As shown,
each panel corresponds to a fixed kz. Both models include
the symmetry preserving perturbation H ′(k) in (22). The
dashed line corresponds to ω = 0. While the four-band model
yields gapless surface states around kz = 0 and kz = pi/2,
the spectrum of the eight-band model (30) becomes gapped
around kz = 0 and remains gapless at kz = pi/2, where the
bulk Dirac nodes are projected onto the surface.
by Θ = iσy · K, the crystal symmetries act as follows:
U˜C4,z =
(
e i
pi
4 σz iσzτz
e− i
pi
4 σz
)
, (33)
U˜C2,α = − iσα, α = x, y, z, (34)
U˜I = τz. (35)
In particular, the upper 4×4 block of 8-band model (30)
is nothing but the original 4-band model H(k) in (1),
while the lower 4×4 block HTI(k) is the minimal 4-band
model of a 3d TI37. The 4×4 matrix M(k) describes the
mixing between the DSM block and the TI block, and it is
straightforward to show that Hamiltonian (30) preserves
time reversal and all crystal symmetries (33)-(35).
Below we show that the surface states of model (30) is
generically gapped on [100] side surface. We first present
a low-energy effective surface theory around kz = 0 plane,
and show that the mixing term (32) between DSM bands
and TI bands can symmetrically gap out the surface
states at kz = 0. Then we present a full lattice calcu-
lation of the surface states in a semi-infinite geometry to
demonstrate this point.
Without the mixing term M(k) in (32), a continuum
Dirac Hamiltonian for the [100] open surface can be writ-
ten as
HDirac = (− i∂xσx + kyσyαz)τx +m(ky = kz = 0, x)τz
(36)
7around kz = 0 plane, where (αx, αy, αz) represents Pauli
matrices for the DSM/TI band index. For simplicity
we’ve set all fermi velocity as 1 and set the mass as the
same for the DSM and TI blocks. A mass domain wall in
m(x) at x = 0 gives rise to the zero-energy surface states
〈x|surf〉 ∼ e−
∫ x
0
m(x′)dx′ |σxτy = 1〉 (37)
We use a new set of Pauli matrices to denote the low-
energy subspace of surface states satisfying σxτy = 1:
(µx, µy, µz) = (σzτx ∼ −σyτz, σx ∼ τz, σyτx ∼ σzτz)
And the effective surface Hamiltonian can be written as
H0surf ∼ kyµzαz, (38)
It’s straightforward to show that the mixing term adds a
mass term for the surface Dirac Hamiltonian
H1surf = 〈surf|
(
M(k)
M†(k)
)
|surf〉 ∼ m0µx (39)
which destroys the gapless surface states around kz = 0.
To justify the effective surface theory presented above,
the spectral density A(k, ω) = Im[1/(ω −H8(k) + i0+)]
of the model (30) in a semi-infinite geometry. Without
loss of generality we assumed εk = ε
′
k = 0 and other
parameters used are tz = 0.7t, λ = 0.5t, Q = pi/2,m
′ =
0.8t, t′ = 0.5t, λxy = λz = 0.2t,m0 = 0.05t. We focus
on the [100] side surface, and the corresponding spectral
densities at the ω − ky plane are shown in Fig. 2 for
fixed values of kz. For the four-band model (1) there
are gapless surface states at kz = 0, panel Fig. 2(a),
resembling the Dirac cone at the surface of a 3D TI and
at the kz = ±pi/2, panel Fig. 2(c). The latter points
correspond to the projection of the bulk Dirac nodes onto
the [100] side surface. For the eight-band model (30),
while the projected states remain gapless due to merging
to the bulk states (see Fig. 2(d)), the surface states are
completely gaped out as shown in Fig. 2(b). Therefore
all nontrivial surface states can be removed by symmetry-
preserving perturbations.
In Fig. 3 we present the evolution of the surfaces states
of the model (30) the [100] side surface. When DSM and
TI parts of model are decoupled, i.e. when m0 = 0, there
are two surface states around ky = kz = 0. The closed
Fermi pocket (red colored) belongs to the DSM bulk and
the smaller pocket located at the origin is due to the
surface states of TI. Note that for clarity we have taken
εk 6= 0 and ε′k = 0, pinning the Fermi level at the surface
Dirac cone of TI. As seen in Fig. 3 (b-d) the coupling
between DSM and TI hybridizes the Fermi pockets and
completely removes the surfaces states at kz = 0.
While this example illustrates that there is no corre-
spondence between bulk Dirac nodes and protected sur-
face states in a DSM from band inversion, there is another
bulk-boundary correspondence that dictates the robust-
ness of surface states. To be concrete, for a DSM from
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FIG. 3: (Color online) Spectral density A(k, ω) at ω = 0 at
the surface BZ, the kz − ky plane. Panel (a) shows decoupled
systems of DSM and TI when m0 = 0. The tip of Dirac cone
at the surface of TI is located at ky = kz = 0 and it is sur-
rounded by the closed Fermi pocket of DSM. By increasing
m0, the coupling to the TI, the central electron pocket, re-
sembling of the Dirac cone on the surface of TI, is completely
removed from the [100] surface. The red ovals correspond to
the gapless sates projected from bulk Dirac nodes.
band inversion where Dirac nodes are located on high-
symmetry axis (but not at high-symmetry points such
as zone center and zone corner), one can define a Z2
topological invariant despite the gapless Dirac points in
the bulk. Since the spectrum remains gapped at the 8
time reversal invariant momenta (TRIM) of the 3d BZ,
the so-called Fu-Kane invariant is well-defined even for
a DSM which preserves both inversion and time reversal
symmetries:38
(−)ν =
∏
i
δi, δi =
N∏
m=1
ξ2m(Γi), (40)
Here ξ2m = ±1 is parity eigenvalue of the 2m-th occupied
band among all 2N filled bands, and {Γi} represent the
TRIM. We found that for four-band model ν = 1, corre-
sponding to the robust topological surface states. On the
other hand, ν = 0 for eight-band model with no robust
surface states. This can be viewed as a generalization
of the usual bulk-boundary correspondence to the DSMs
from band inversions.
VI. CONCLUSIONS
Motivated by the discovery of DSM materials, in this
paper we address two issues regarding the stability and
deformation of surface states in a DSM from band inver-
sions.
Focusing on a minimal model for DSM materials
Cd3As2 and Na3Bi, we show that the double fermi arcs
in the minimal model can be stablized by a non-generic
8particle-hole symmetry, which is absent in a generic ma-
terial. We further show that physical perturbations with-
out this particle-hole symmetry can mix the two Weyl
fermions with opposite chiralities away from the Dirac
points, which continuously deforms the surface double
fermi arcs into a closed fermi pocket without destroying
the bulk Dirac nodes.
We also show in a DSM from band inversions, there is
an unusual bulk-boundary correspondence between bulk
topology and surface states. In particular, the bulk Dirac
points have no correspondence to the surface states, while
another Fu-Kane Z2 invariant well-defined in the bulk
determines the stability of surface states. We explicitly
construct an 8-band model for such a DSM, with exactly
the same crystalline symmetries as Cd3As2, supporting
no surface states at all in spite of the bulk Dirac points.
We show that this is related to the bulk Z2 topological
invariant, which can be defined even in the presence of
the bulk Dirac points. It will be interesting to look for a
material candidate for such a DSM with no surface states.
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